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Abstract. Fibre tracking algorithms follow two paradigms: Local track-
ing approaches are based on the ’walker’ principle, the fibres are recon-
structed path-by-path by small successive steps along the tracts. On the
other hand global ideas try to reconstruct all fibres at once by optimizing
a certain global objective. Local algorithm are fast but suffer from accu-
mulated errors. Global methods have a more sound foundation but are
very complex to optimize. This paper presents a novel approach which
fuses both ideas while keeping their advantages. The core is a Bayesian
approach which formulates the tracking result as a maximum a pos-
teriori estimate. The optimization is based on a spatial point process
optimized with a Metropolis-Hastings sampler. They key idea is to use
local methods within the optimization process to approach the global op-
timum efficiently. The experiments show that the approach is nearly two
orders of magnitude faster than recent global approaches while keeping
the detection performance.

1 Introduction

Fibre tracking is a method for the reconstruction of neuronal pathways using
measurements of the anisotropic diffusion of water molecules in the fibrous struc-
ture of white matter [1–4]. Such information is made available by a recent ad-
vances in magnetic resonance imaging (MRI). Fibre tracking promises a high
impact in fundamental neuroscience and its clinical applications.

The approaches can be divided into two groups: local and global methods.
Local methods construct fibres independently path-by-path, the fibres do not
influence each other. The reconstruction of long neuronal pathways is performed
in small successive steps, either deterministic [3, 4] or probabilistic [5, 6] by fol-
lowing the local, voxelwise defined distribution of fibre directions. The advantage
of local methods is that they are rather fast, but they also have several problems.
The most apparent is probably that a minor imperfection in the rule of perform-
ing local steps can accumulate and significantly affect the final result. On the
other hand, global methods try to reconstruct the fibers all at once. This gives the
reconstruction a larger field of view when an ambiguous area has to be resolved.
Each curve is assigned a probability measure that takes into account both the
likelihood with the measured diffusion-weighted signal and a priori anatomical
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knowledge. The early methods [7] had several limitations that did not allow to
reveal the full potential of the approach. A recently developed implementation of
the global approach called the ”Gibbs-tracking” [8] is free from these drawbacks.
It works with High-Angular-Resolution-Diffusion data (HARDI) with arbitrary
number of diffusion weighting directions. In the reconstruction algorithm, the
curves representing the neuronal fibres are built from small fibre segments with
continuously varying positions, orientations and density. But the problem with
such kind of methods is the high computational expense (in [8] one month on a
common Desktop PC for the whole brain) and bad scalability. In this paper we
propose a novel fibre reconstruction method that fuses local and global ideas.
The approach is global, and thus, shares all the advantages while it uses local
methods to approach the global optimum which makes the algorithm practical
useable. Our idea builds on approach by Kreher et al [8]. Similar ideas are also
used extract road networks from aerial images [9]. The reconstruction problem
is formulated as an energy minimization problem on a spatial point process [10]
using the Metropolis-Hastings algorithm for optimization. The major difference
of our approach to [9, 8] is the extension of the usual ’soup of segment’ rep-
resentation to a graph-like model where the connection between segments are
modeled explicitly.

The paper is organized as follows: In the next section we present the fibre
model and the associated energies. In Section 3 the optimization algorithm is
presented with all details. In the last Section we discuss the differences of our
approach to recent algorithms and give some preliminary results with an in vivo
dataset showing that the proposed approach is able to make a global reconstruc-
tion (with about 105 fibres) of the whole brain in reasonable time (below one
day on a standard PC) while detecting even difficult fibre bundles.

2 Global Fibre Tracking

We denote an abstract model of the global fibre configuration by M and the
measured HARDI-signal by D = S/S0. We want to maximize the a-posteriori
probability P (M | D) with respect to M, i.e. we want to find the most likely
model given the observed data. We follow Bayes’ theorem and assume the usual
exponential model for the prior P (M) and data-liklihood P (D | M).

P (M | D) =
1
Z

exp (−Eint(M)− Eext(M, D)) ,

where Z is the partition function. The design of the external energy has to
express the dissimilarity between the data and the hypothetical model. In order
to find such a measure, it is natural to use a simple model of the physical imaging
process mapping a given fibre configurationM onto a hypothetical measurement
FM and compare this outcome with the actual measurement D. The internal
energy should drive the fibres to be like fibres observed in nature in terms of
smoothness, regularity and length. In the following we explain how the model
M is described and how the internal and external energy is formulated.
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2.1 The Discrete Model

A fiber segment (particle) is described by a spatial position x ∈ R3 and an
orientation n ∈ S2. The segment is the basic building block of the fibre model.
Formally we refer to a fibre segment by the tuple X = (x,n). Picture the fibre
segment as a small thin tube of length 2`, i.e. the endpoints of the tube are
at position x + `n and x − `n, respectively. Below we have to refer to one of
the endpoints explicitly, we write X+ for the endpoint associated with +n and
for the opposite endpoint associated with −n we write X−. An ensemble of
segments is denoted by X = {X} and we denote the number of segments by
N . Besides the ensemble of segments X there is a set of connections or edges,
denoted by E = {E}. An edge E ∈ E connects the endpoints of two distinct
segments. Mathematically, we deal with an edge-attributed graph, i.e. an edge
E connects two segments while it carries the additional information via which of
the endpoints this is done. Formally, we express this by using the above notation
and write E = (Xα1

1 , Xα2
2 ) where Xi ∈ X and αi ∈ {+,−}. In this way we can

easily enforce restrictions like the absence of Y-junctions and cycles.

2.2 Internal Energy

Based on the above definitions we write the internal energy as follows

Eint(M) = λint

∑
(Xα1 ,X

α
2 )∈E

Ucon(Xα1
1 , Xα2

2 ).

where Ucon(Xα1
1 , Xα2

2 ) refers to the interaction potential between two connected
segments X1 = (x1,n1) and X2 = (x2,n2). The parameter λint ∈ R+ is just a
fixed parameter determining the ’strength’ of the energy. Note that only con-
nected fiber segments contribute to the internal energy. The potential Ucon should
basically fulfill three requirements: first, the effect should be a kind of attracting
force, such that two connected endpoints stay together while they are connected.
And secondly, the resulting fiber, i.e. the consecutive coordinates x1,x2 should
be consistent with the internal orientations n1 and n2, more precisely the con-
necting line x1 − x2 should have approximately the same direction as n1 and
n2. This includes that the curvature of the fiber should be kept small, meaning
that n1 and n2 should not differ too much. We found a quite simple energy ful-
filling the above requirements in an implicit manner. To formulate this potential
we use the abbreviation x̄ = x1+x2

2 for the midpoint of line connecting the two
segments.

Ucon(Xα1
1 , Xα2

2 ) =
1
`2
(
||x1 + α1`n1 − x̄||2 + ||x2 + α2`n2 − x̄||2

)
− L

Basically, the potential is composed of the squared distances from the endpoints
of the segments to the midpoint of the line connecting both. For an illustration
see Figure 1. The two parameters that occur are the length ` > 0 (actually half
the length) of the fiber segment and a bias L. The bias L is a kind of connection
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Fig. 1. The internal energy between two segments. The segments are given by their
midpoints x1,x2 and their orientations n1,n2. The red dotted lines indicate the dis-
tances which are minimized.

likliness (physicists would say it is the chemical potential of a connection). Large
L > 0 imply a high likliness that two segments link together. The first two terms
drive the segments to be close together (but not closer than the length of the
segments) and secondly it forces the connecting line to be along the internal fiber
directions n1 and n2. Another advantage of this energy is that it is quadratic
in its constituents. Thus, we can solve it analytically for optimal configurations.
Two situations can arise. Only one endpoint of a particle is connected or both.
First consider the simple one, without restriction of generality the negative end-
point of particle X2 is connected with another endpoint X+

1 . That is, the internal
energy is just U(X+

1 , X
−
2 ). Assume now X2 can move freely while X1 is fixed.

The optimal configuration for X2 can be easily guessed:

x2 = x1 + 2`n1 and n2 = n1., (1)

that is, X2 has the same orientations as X1 and is seamless connected to X1.
The second situtation is a little bit more difficult. Consider now three ele-
ments X1, X2, X3 connected subsequently such that the connection energy is
Ucon(X+

1 , X
−
2 )+Ucon(X+

2 , X
+
3 ). Now, we can ask again, what is the energy min-

imizing configuration of X2 while X1, X3 are fixed. With basic algebra one finds
that

x2 =
x1 + `n1 + x3 + `n3

2
and n2 =

x3 − x1

||x3 − x1||
. (2)

Later, we need both results for a proposal in the Metropolis-Hastings algorithm.

2.3 External Energy

The external energy is based on the squared difference between the measured
signal D and a predicted signal based on the fibre model M. We denote this
predicted signal by FM : R3 × S2 7→ R, it is a scalar function defined on the
Position-Orientation-Space (POS), where the position refers to the spatial posi-
tion and the orientation to the fibers’s direction. The predicted signal is of the
same type as the measured signal D : R3 × S2 7→ R. We will interpret both
as continous fields despite the fact the data is represented on a discrete grid.
Concerns coming from the discrete nature of the data will be discussed later.
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Now, how to create the ’HARDI’-signal from the high-level fibre representation
M? In position space we let a segment contribute to the field by an isotropic
Gaussian blob of width σ ∈ R+. In orientation space we adopt the usual single
diffusion tensor model. Given fibre modelM the predicted signal takes the form

FM(x,n) = w

N∑
i=1

e−c(n
Tni)

2
e−|x−xi|2/σ2

,

where each segments contributes to the field with the same weight w ∈ R+. The
parameter c ∈ R+ is the width of the fibre in orientation space. The external
energy itself is just the squared L2-norm (on the POS space) of the measured
data D and the signal generated by M, i.e.

Eext(M, D) = λext||FM −D||2 = λext

∫
R3×S2

|FM(x,n)−D(x,n)|2 d3x d2n,

where λext is the ’strength’ of the external energy. Thinking about the implemen-
tation issues it is, of course, much too expensive to compute this difference by
first generating the hypothetical signal and then computing the norm. Secondly,
we have to keep in mind that for energy minimization only energy differences
come into account, absolute values are not significant. Thus, we write out the
energy Eext(M, D) = ||FM||2 − 2〈FM, D〉 + ||D||2 and consider the first and
second term more detailed. The third term is an overall constant and can be
omitted. Actually, the first term does not depend on the data field D. To get a
representation for ||FM||2 which suites better for an efficient implementation we
integrate pair by pair and get

||FM||2 = Cw2
N∑
i=1

N∑
j=1

I0(c|nTi nj |)e−
|xi−xj |

2

2σ2

where I0(c|nTi nj |) denotes the integral
∫
S2
e−c(n

Tni)
2
e−c(n

Tnj)
2
dn which can be

precomputed for efficient evaluation of energy differences. For segment Xi only
segments in a small range ||xi − xj || ∼ σ fall into account. Now, consider the
second term which depends on the data. Just by inserting the model we get

〈FM, D〉 =
N∑
i=1

w

∫
R3×S2

e−c(n
Tni)

2
e−
|xi−x|2

σ2 D(x,n)d3xd2n = Cw

N∑
i=1

Deff(xi,ni),

therebyDeff is the HARDI-signal convolved with the kernel e−c(n
Tn′)2e−|x−x′|2/σ2

.
In fact, for small σ and large c the Deff is the Funk Radon-transform (FRT) of
the HARDI-signal. And this is what we actually do in practice, we use the FRT
for Deff which keeps the angular dependency more selective. To evaluate the
discrete represented Deff at continous coordinates (x,n) we just use linear in-
terpolation in all 5 ’directions’ in POS. For the 2 angular coordinates we use a
kind of barycentric interpolation, that is, for a given n we search for the three
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nearest data points on the sphere and compute the barycentric coordinates of
these points. These coordinates are then used as interpolation weights to combine
the three values originating from these three points additively. Thus, combined
with the spatial interpolation we use a 5-linear interpolation. Overall, for one
evaluation we combine additively 3 ∗ 8 = 24 values at different voxels.

3 The Metropolis-Hastings Sampler

The Metropolis-Hastings sampler is a general approach to sample high dimen-
sional distributions whose partition function is unknown (in our case the pos-
terior P (M | D)). The algorithm can be used to minimize/maximize certain
objectives by introducing a temperature T which controls the sharpness of the
considered distribution. If the distribution is very sharp (the temperature very
low) it is very likely that the optimum (or one of the extrema) is sampled. The
idea is as follows: Choose a modification of the current state M according to a
proposal distribution pprop, we call this modification M′. Then, we accept this
modification if the so called Green’s ratio R is above 1, where R is given by

R =
(
P (M′ | D)
P (M | D)

)1/T
pprop(M |M′)
pprop(M′ | M)

.

If R is below 1 the modification is accepted with probability R. After a certain
number of iterations (the ’burn-in’ phase) the resulting chain of states follows
the desired distribution. For further details and applications to particle systems
as applied here see [10].

In our approach the proposal splits into three different types, where each
of the proposal is selected with a certain probability: segment creation/deletion
(pbirth, pdeath), segment moves (pshift, popt) and connecting segments (pfibre). As
already depicted in the beginning the last proposal is based on a tracking algo-
rithm which is usually a ’standalone’ algorithm to extract fibre tracts.

3.1 Creation/Deletion

The birth and death proposals are typical for MH-samplers and do not need to
be explained in much detail. We just have to mention that in our experiments we
restricted the ’playground’ of our particles to the white-matter area. Thus, ’draw
uniformly’ in the birth proposal means that we choose uniformly a continous
coordinate x inside the white matter and isotropically a direction n ∈ S2. In the
following, we write M′ = M + X for the fibre configuration M′ which results
from adding a segment X to another configuration M. For deleting a particle
we use the minus sign, respectively.

– Birth Proposal with pbirth

Draw a X uniformly and add to configuration M with ratio

R =
e−E(M+X)/T

e−E(M)/T

λ

N + 1
pdeath

pbirth
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Here, λ > 0 denotes the density parameter of the underlying free Poisson
process.

– Death Proposal with pdeath

Draw uniformly a X ∈ X and delete from configuration with ratio

R =
e−E(M−X)/T

e−E(M)/T

N

λ

pbirth

pdeath

Both proposals depend on λ which is parameter of the underlying Poisson distri-
bution. The meaning of λ is the expected number of segments in the considered
volume. For high temperatures λ has influence on the results, but for low tem-
perature which we are aiming at, λ is less and less important.

3.2 Particle Moves

In fact, moving a particle can be replaced by a death followed by a birth of a
particle. Thus, the introduction of a random move is just for performance reasons.
But we also introduced a second proposal which chooses for connected segments
the optimal configuration with respect to the internal energy. We observed that
this speeds up the convergence towards smooth, low-curvature fibres drastically.

– Random Shift Proposal with pshift

Take uniformly a (x,n) = X ∈ X and draw a new position x′ and orientation
n′ according to a proposal distribution pprop

x,n . CallM′ the modified ensemble
containing the moved particle. Then, accept the proposal with

R =
e−E(M′)/T

e−E(M)/T

pprop
x′,n′(x,n)

pprop
x,n (x′,n′)

– Optimal Shift Proposal with popt

Take uniformly a (x,n) = X ∈ X . If one endpoint of X is free and the other
is connected we use equation (1) to find a new configuration X ′ = (x′,n′).
If X is connected with both endpoints to some other particles, then choose
the new position x′ and orientation n′ according to equation (2). Accept the
new configuration with ratio

R =
e−E(M′)/T

e−E(M)/T

pshift p
prop
x′,n′(x,n)

pshift p
prop
x,n (x′,n′) + popt

For the proposal distribution pprop
x′,n′(x,n) we used a Gaussian-like distribution.

One adds independently Gaussian meanless noise of width σprop to the endpoints
x′ ± `n′ of the current segment and backprojects onto a length 2`.

3.3 Create Connections / Fibre Tracking

As already depicted the proposal for connections E ∈ E between particles is
based on a kind of tracking algorithm known from ordinary fibre tracking. The
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Fig. 2. The Fibre Proposal: a segment is selected (Xα0
0 ) and the algorithm suggests

to replace the pending fibre (in red) with a new track (in blue) which is generated
by a simple incremental tracking algorithm. During the tracking the current segments
searches for successors in a small ball around its current endpoint. The green endpoints
belong to the successor set S. Only free endpoints are selected as successors.

proposal does not propose just one connection E but a whole set of connection
forming the part of a putative fibre. By a fibre part we think of a sequence of
connections f = (E1, E2, . . .) which connect fibre segments Xk subsequently, i.e.
f = ((Xα0

0 , Xα1
1 ), (X−α1

1 , Xα2
2 ), . . .). We say a fibre part f is pending at Xα if f

is the longest fibre part starting at Xα. In these terms the actual proposal takes
the form:

– Fibre Proposal with pfibre

Take uniformly a (x,n) = X0 ∈ X and a direction α = {−,+}. Denote the
fibre pending at Xα

0 by fold and letM0 the fibre configuration without fibre
fold. Sample a new fibre fprop according to some proposal distribution pfibre

M0

and denote the resulting fibre configuration byM′. Replace the old fibre by
the new fibre with ratio

R =
e−E(M′)/T

e−E(M)/T

pfibre
M0

(fold)
pfibre
M0

(fprop)

In Figure 2 a simple fibre proposal is depicted. In fact, a proposal can also close
a gap between two distant parts of a putative fibre. The tricky part of this
proposal is the fibre tracking itself which is above simply called ’sample a new
fibre’. We adopt here techniques known from probabilistic tracking. The differ-
ence is that the actual tracking takes place on already existing segments and
is, thus, only indirectly driven by the data. So the tracking is rather a hopping
on the fibre segments. Suppose we start with a segment Xα

0 . Now we search
for successive endpoints in X . In our approach we restricted the search on a
ball with center x0 + α`n0 and radius ` (as depicted in Figure 2). Call the set
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of free endpoints that lie within this ball S. It is known that the MH-sampler
works better if the proposal distribution is roughly the same as the desired
distribution. So, we will sample the new successor from S with a probability
psuc

1 (S) = 1
Z exp(−Ucon(Xα

0 , S)/Tprop). If the successor set S is empty we stop
the tracking. Actually, we also have to include a ’no successor’ proposal. This is
necessary to keep the whole proposal reversible. For the ’no successor’ proposal
we assume a probability psuc

1 (∅) = 1
Z e
−0 = 1/Z. So, the normalizing constant is

Z = 1 +
∑
S∈S exp(−Ucon(Xα

0 , S)/Tprop). If the successor Xα1
1 := S was chosen

the whole procedure is repeated: new successor candidates for the opposite end-
point X−α1

1 are selected, probabilities are computed and a successor is drawn or
tracking is stopped. For the proposed fiber fprop and also for the current fibre fold

one has to compute the proposal probability pfibre
M (f). This is necessary to com-

pute the Green’s ratio. Suppose a given fibre f = ((Xα0
0 , Xα1

1 ), (X−α1
1 , Xα2

2 ), . . .),
then the probability of proposing fiber f is just the product of all successor dis-
tributions along the fiber, i.e.

pfibre
M (f) =

n−1∏
k=0

psuc
k (Xαk

k )

The energy difference in Green’s ratio is simple to compute. Since the connections
do not affect the external energy we have that

E(M′)− E(M) =
∑

k∼fprop

U(Xαk
k , X

αk+1
k+1 )−

∑
j∼fold

U(Xαj
j , X

αj+1
j+1 ).

The first sum runs over the segments belonging to the proposed fibre, the second
over the current fibre. From a algorithmic viewpoint we just have to accumulate
the connection energies during the tracking of fprop and fold.

4 Discussion and Results

The big difference of our approach to Kreher’s [8] is the formulation of the inter-
nal energy. Kreher modelled the connectivity implictly by attraction forces. The
attraction forces lead to unreasonable configurations like Y-junctions and dou-
ble connections. Kreher avoided such undesired configurations with additional
penalty terms which were expensive to compute. After the minimization of the
energy a postprocessing step was needed, because the connections are modelled
implicitly by incidence relations. In fact, this postprocessing step is a local fibre
tracker working on the line segments itself. Our approach is different: We avoid
the postprocessing step, model the connections explicitly, and use common local
fibre tracking as an optimization step. It is a graph-like model, where the line
segments are the nodes and the fibres itself are connections between the nodes.
In this way it is easy to fulfill the condition that one endpoint of a segment can
only be connected to one other segment. So, problems like Y-junctions can not
occur. Another difference is that not-connected segments feel just the external
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a) Occipitofrontalis inferior b) Optic Radiation c) Fasciculus arcuatus

d) Tractus corticospinalis d) Callosal fibers

Fig. 3. The five considered selections. The fibre bundle projection are shown in ma-
genta. The ROIs used for selection in yellow and the undelying image is an FA image.

energy. Only if a segment is connected it feels a certain regularization force mak-
ing the fibre smooth and their curvature low. By the explicit modelling of the
connections we introduced a huge combinatorical problem which seems difficult
to solve. And indeed it is, if one had not the local methods that guide the search.
We proposed to use a simple probabilistic fibre tracking algorithm for establish-
ing the connections as a proposal distribution inside the Metropolis-Hastings
algorithm. This idea makes the optimization feasible and efficient.

For a preliminary evaluation of our approach we used the same in vivo dif-
fusion measurements as in [8]. The whole brain was covered with contiguous
2 mm slices in an in-plane resolution of 2× 2 mm2 The diffusion encoding was
performed in 61 directions with an effective b-value of 1000 s/mm2. Addition-
ally, a T1 data set was acquired which was segmented into WM, GM, and CSF
using SPM5 (http://www.fil.ion.ucl.ac.uk/spm). In comparison to Kreher et al
[8] we only need the WM-mask to restrict the domain of reconstruction. In Kre-
her’s approach also a preprocessing step is needed involving WM and GM to
create a priori docking slots for the fibres. For the selection of specific fibre bun-
dles we use the same ROIs as in [8] based on the WFU PickAtlas. In Figure
3 the ROIs are depicted in yellow. Our algorithm includes several parameters
which have to be set. For the external energy there is: σ the spatial ’width’ of
a segment, c the orientational ’width’ of a segment and w the weight of a seg-
ment. We adapted c to values found in voxels within the corpus callosum, that
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Fig. 4. The Occipitofrontalis inferior (red), the optic radiation (yellow), the Fasciculus
arcuatus (green), the Tractus corticospinalis (magenta) and the callosal fibres (cyan).

is c = 1. Thus, each segment contributes with an apparent diffusion coefficient
of D = c/b = 10−3 mm2/s. Both, w and σ influence the expected fibre density.
They have to be tuned such that the computation time stays reasonable while
the fibre density is as high as possible, we haven chosen w = 0.2 and σ = 0.4 mm.
The internal energy has basically two parameters: the segment length was chosen
to be ` = 1.6 mm and the connection likliness L = 0.5, while ` is controlling the
smoothness and accuracy of the reconstruction and L the length of the fibres.
Finally there are λint, λext and the temperature T which express the relative
weightings of the energies and the sharpness of the distribution. Due to the
occuring ratios we can, without restrictions, set λext = 1/C. Relative to that
we set λext = 0.065 and we started the algorithm with T = 0.1 and finished
with T = 0.001 during 5 · 108 iterations (compare to [8] where 5 · 109 iterations
were used). Using the above setting the optimization takes on standard PCs
depending on the speed of the system between 12 and 24 hours. The results are
concluded in Figure 3 and Figure 4. We obtained a system with about 2.5 million
fibre segments arranged in approx. 80000 fibres. Compare this to the number of
white matter voxels of about 70000. This means on average we have about 35
fibre segments passing one voxel. Remember that a fibre has a length of 2` = 1.6
voxelunits, so one can claim that on average 35 fibres are crossing each voxel. In
Figure 3 we used the ROIs to select five different fibre bundles. The bundles are
shown as projections in magenta. Our algorithm is even able to detect the optic
radiation fibres (shown in 3b)) which is a difficult task because they are in the
vicinity of the dominant inferior longitudinal fasciculus and the corpus callosum.
In Figure 4 we show the fibre bundles in 3D. For a visual comparison with the
Gibbs-Tracker [8] and two other approaches (FACT [3] and PiCo [6]) see [8].
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5 Conclusion

A novel global fibre reconstruction approach was proposed. The approach has
broken down the computation times from one month, which recent global track-
ing algorithms needed, to below one day while keeping the performance. The
key idea is to use common local tracking algorithm as optimization steps in a
global framework. For future work validation is a key issue which includes ex-
tensive examinations of the dependencies on the parameters which occur inside
the algorithm.
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